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Abstract
Instanton analysis is applied to the scalar φ3 theory. Higher-order asymptotic expansions of the renor-
malization constants in the minimal subtraction scheme and 6 −  dimensional regularization and of the
index η are found. Results of the Borel resummation for the presently known terms of the -expansion of
the index η up to the order 4 are presented.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
0. Introduction
For a long time, the scalar φ3 theory has been only a test model. But it became actual after
the revealing of some interesting properties of its Hamiltonian with a purely imaginary coupling
constant [1]. Phase transition in the space of eigenvalues was found [2,3]. The 4-loop calculation
of the critical index η in the framework of the -expansion has been performed in the paper [4].
Perturbation expansions of critical indexes usually lead to asymptotic series. Then various
resummation schemes, such as Borel–Leroy method, Padé approximation technique or the tech-
nique of conformal mappings [5] must be used to obtain numerical values of exponents in
the actual space–time dimensions. Higher-order asymptotics information is useful to fix the
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tion for the φ3 model without using the information about the higher-order asymptotic expansions
is presented in [7].
The investigation of the asymptotic behavior of higher-order perturbative corrections proposed
in [8] is based on the saddle-point expansion of the path integral. The results of [8] were used
[9] to investigate the expansions of the critical exponents obtained by the renormalization group
(RG) technique. Further development of the higher-order asymptotic analysis in various models
can be found in [5]. The higher-order asymptotic expansion in scalar theories with interaction of
φ2n type was obtained in [8,9], but the φ3 theory was not investigated there.
The first aim of our paper is the determination of the higher-order asymptotics expansion of
the renormalization constants and of the critical index η in the φ3 theory. The problem of the
comparison of the directly calculated values with the asymptotic ones is also interesting, because
it can affect the accuracy of the resummation result, as was stated in [6].
As the result of the analysis it is established that the perturbation theory series in the φ3
theory are asymptotic ones. Similar to [8], the N -th term of a standard field-theoretic expansion
of a quantity F in the powers of the coupling constant g, expressed through Green functions,
at large N is
F (N) = N !(−a)NNbF cF
(
1 +O
(
1
N
))
. (1)
Hereafter, F (N) denotes the coefficient in the N -th order of the expansion, e.g. before gN in the
g-expansion, of a quantity F .
Calculational method for the higher-order asymptotics for renormalization constants in MS
scheme developed in [10] is used. Partially renormalized Green function is considered where
subtractions of all the divergences in subgraphs up to order N − 1 are supposed. Higher-order
asymptotics of the 6 − -expansion of the critical index is calculated too.
The second aim of our paper is the Borel–Leroy transformation of the -expansion of the
index η. The results of resummations with the use of various schemes are presented. It is shown
that the results obtained with the use of information about the higher-order asymptotic seem to
be more accurate.
The structure of the paper is the following: the basic features of the saddle-point method in
functional integrals for the theory in 6 −  dimensions are described in the first section. The
second section is devoted to the calculations of the fluctuation integral in the φ3 theory. Asymp-
totics of the renormalization constants expansions and the critical index η are presented in the
third section as well as the comparison of the asymptotics with the known terms yet calculated.
The fourth section contains a brief description of the resummation schemes of the divergent se-
ries. Results of the resummation of the -expansion for the critical index η are presented in the
fifth section, and they are briefly discussed in the Conclusion.
1. The base of Lipatov’s approach at the example of φ3 theory
We consider the field theory with the action
SR(φ,g) = 12Z
2
φ∂iφ∂iφ +
1
3!Z
3
φZggμ
/2φ3 (2)
in the space with dimension d = 6− . Here, φ is a scalar real field, integrations over coordinates
are implied here and hereafter, Zi are the renormalization constants, μ is the renormalization
mass, the coupling constant g is considered as imaginary.
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tion
Gk(g) =
∫
Dφφ(x1)...φ(xk)e−SR(φ)∫
Dφe−SR(φ)
can be calculated in high orders (N → ∞) with the use of the saddle-point method in the integral
representation [8]
G
(N)
k =
(−1)N
2πi
∮
γ
dg
(−g)N+1 Gk(g), (3)
where γ is a closed contour encircling the origin in the complex plane of g.
After the rescaling of the parameters φ = √Nφ¯, g = g¯/(√Nμ/2), the variational equation
with respect to the variables φ and g takes on the form
−φ¯ + 1
2
g¯φ¯2 = 0, g¯
3!
∫
dxφ¯(x)3 = −1. (4)
Similar to [8,9], the counterterms in action (2) are irrelevant for the calculation of the stationary
point. In the space dimensionality d = 6, spherically symmetric decreasing solutions of this
system form a 7-parametric family of instantons which have the form
φ¯c(x) = ±
√
15
2π3
y2
(y2 + |x − x0|2)2 , −g¯c = ±48
√
2π3
15
. (5)
They depend on x0, y – arbitrary parameters reflecting the translational and dilatation invariance
of the theory. Following the Faddeev–Popov trick [8], one has to insert a unity decomposition in
the form of integrals over the parameters x0, y of the δ-functions that fix the values of the free
parameters for each realization of φ:
1 =
(
−
∫
g
φ3
3! dx
)7 ∫
d
(
lny2
)∫
dx0δ
(
−g
∫
dx
φ3
3! (x − x0)i
)
× δ
(
−g
∫
dx
φ3
3! ln
|x − x0|2
y2
)
. (6)
The following rescaling of the coordinates and the fields
x → yx + x0, φ(yx + x0) → y−2+/2φ(x), μ → yμ, (7)
changing the order of integrations
∫
dydDx0dnu and
∮
dg
∫ Dφ, and the saddle-point method
with respect to the variables g and φ were applied. Then we obtain the expression for the large-N
asymptotic expansions of the Green functions in the form
G
(N)
k (x1...xk) = 2(−1)NDNN/2Nk/2+3
∞∫
0
e−NS(φ¯c,g¯c(μy)−/2)−N ln(|g¯c|)
×
∫
dDx0
d(y2)
8−
(μy)N/2
k(2−/2) φ¯c
(
x1 − x0)
...φ¯c
(
xk − x0)
. (8)
y y y y
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involves the Gaussian contribution to the integral, related to the second variation of the functional
S + ln(−g) in the saddle point.
The existence of the instanton leads to the statement that the perturbation series in the coupling
constant g have zero radius of convergence in the theory with the action (2).
2. Calculation of the fluctuation integral
For the calculation of the fluctuation integral over δφ, δg the method [8] was applied. Us-
ing the new variable δϕ(x) = 2/(1 + x2)2Y(z), where z are the coordinates on the unit sphere:
zi = xi/(1 + x2), z0 = (x2 − 1)/(x2 + 1), one can rewrite the action kernel of the fluctuation
integral as the angular part of the Laplace operator in the 7-dimensional space. Its eigenfunctions
are known to be the spherical functions. Their eigenvalues are λm = m(m + 5). Each eigenvalue
corresponds to Nm = (m + 4)!(2m + 5)/(m!5!) linearly independent eigenfunctions.
The fluctuation integral takes on the form of exp(F ), where
F = −(1/2)
∞∑
m=2
Nm ln
(
1 − 12/(λm + 6)
)
. (9)
Divergence of the series is related to the ultraviolet divergences of the diagrams that represent
the “bubble” approximations of the functional determinant
, , . (10)
Here the line is the free propagator of the φ3 theory, and gstφst /2 is denoted by the wavy line. In
analogy with [8], the expansions of these diagrams in spherical functions lead to the following
expressions:
∑∞
m=0 6Nm/(m(m + 5) + 6) – for the first one,
∑∞
m=0 Nm(12/(m(m+ 5)+ 6))2/4
– for the second one and
∑∞
m=0 Nm(12/(m(m + 5) + 6))3/6 – for the third one.
After subtraction of these terms from the expression (9) and calculation of the factors in the
unity decomposition (6), one obtains the contribution in the fluctuation integral in the form
D′ = 1
2π4
(
12
7
) 7
2
exp
(
−1
2
∞∑
m=2
Nm ln
[
1 − 12
(m + 3)(m + 2)
]
− 1
2
∞∑
m=0
Nm
[
12
(m + 3)(m + 2) +
1
2
122
(m + 3)2(m + 2)2 +
1
3
123
(m + 3)3(m + 2)3
])
≈ 1.33 · 10−5 (11)
One has to restore the contributions of the three reduced diagrams (10). While the first of these
is strictly equal to zero in the MS scheme, the other two contain divergent parts and contribute
essentially to the fluctuation integral. Here, in contrast with the φ4 theory, both the diagrams give
finite contributions to the leading order of the higher-order asymptotics. The second diagram can
be calculated analytically, but the result obtained is too cumbersome. Thus we present here only
the result of the numerical calculation, r2 ≈ −0.936. It was obtained in the momentum represen-
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√
30π3K1(|k|)/|k|,
where K1(|k|) is the Macdonald function [11]
Kν(x) = Γ (ν + 1/2)√
π
(
2
x
)ν ∞∫
0
cos(xt) dt
(t2 + 1)ν+1/2 .
The third diagram was also calculated numerically. The finite part of this diagram is r3 ≈ −1.27.
The divergent parts of these diagrams are
r2s

= − 3
5
,
r3s

= − 6
5
.
Finally, for the fluctuation integral we can write D = D′er2+r3 ≈ 1.47 · 10−6.
Then formula (8) can be written in the form
G
(N)
k = C(N)k D
∞∫
0
dyχk(y,p1, ...,pk)y2k−7(μy)N/2e−αNe−(r2s+r3s )(μ
−1)/,
χk(y,p1, ...,pk) = yK1(|p1|y)|p1| ...
yK1(|pk|y)
|pk| ,
k∑
l=1
pl = 0,
C
(N)
k = 2(−1)NNN/2Nk/2+3e−N/2
( √
15
48
√
2π3
)N (
2
√
30π3
)k
. (12)
Here the factor e−αN is related to the  dependence of the functional S(φc, gc)+ ln(|gc|) at the
saddle point in the 6 − -dimensional space. In analogy with [10] one can write:
α = ∂
∂
(
S6−
∫
dxx5−
[
−1
2
φ¯c
(
∂2x +
5 − 
x
∂x
)
φ¯c + g¯cφ¯
3
c
3!
])∣∣∣∣
=0
= −1
4
ln(π) + 1
4
Ψ (3), (13)
where Ψ is the logarithmic derivative of the Gamma function.
The Green functions in the 6 −  scheme are expanded in . Corrections in  to φ¯(0)c and D at
large N are negligible in formula (12) in comparison with αN, and they are ignored. Moreover,
the factors of y type are also omitted in comparison with yN .
3. Asymptotic expansions for renormalization constants
In the MS scheme, the RG functions (the coefficients in the RG equation) are related [5,12]
to the residues of the first order in  of the renormalization constants
γi(g) = −g2 ∂g{Zi}, β(g) = −
g
2
( + 2γg). (14)
Hereafter, {Z} denotes the residue of the first order in  of the quantity Z and i = (φ, g).
For the calculation of the higher-order asymptotic for the first order residue of the renormal-
ization constants we use the approach developed in [10]. The terms of pre-exponential factor in
(12), singular at small y and , are considered as truncated series of the perturbation theory up
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three-point Green function, in the N -th order we have the following
G
(N)
3 ≈ C(N)3 D
∞∫
0
dy
y
(μy)Nχ3(y,p1, ...,p3)e−αN/2
×
N∑
j=0
1
j !
[
−(r2s + r3s) (μy)
− − 1

]j
, (15)
After the rescaling of the variable y → y˜ = y exp(−2α), for the representation (15) we obtain
G
(N)
3 ≈ C(N)3 D
∞∫
0
dy˜
y˜
(μy˜)N/2χ3
(
y˜e2α,p1, ...,p4
)
×
N∑
j=0
1
j !
[
−(r2s + r3s) (μy˜e
2α)− − 1

]j
. (16)
Similar to [10], we can state that the terms of formula (16) containing non-zero powers
((μy˜)− − 1)/ contribute only to the highest poles in  and do not contribute to the first pole.
The obvious properties of χ -function were used. Namely, χ3(y˜e2α,p1, ...,p3) → const at y˜ → 0
and χ decreases exponentially at large y˜. Then we use
(μy˜e2α)− − 1

= (μy˜)
− − 1

+ (μy˜)− (e
2α)− − 1

,
and integrate by parts in integral over y˜.
Using the approximate equality (μy˜)−(e−2α − 1)/ ≈ −2α at  → 0 we obtain
{G(N)3 }

≈ C(N)3 D
2
N
e(r2s+r3s )2α 1
p21p
2
2p
2
3
. (17)
The expression for the pair Green function (k = 2), analogous to representation (15), is
∞∫
0
dyχ2(y,p)(μy)N/2y−3. (18)
It has the first- and the second-order poles in . After the rescaling of the variable y → y/|p| we
integrate several times by parts. In the arising term of the type∫
dy lny(μy)N/2−1K1
(
y|p|)
we rewrite lny as ∂(N/2)yN/2 and extract the first- and the second-order poles in . Then the
simple pole in G2 is obtained in the form
{G(N)2 }

≈ C(N)2 De(r2s+r3s )2α
[− ln |p| + ln 2 +Ψ (1) + 1/2 + 2α] 2
Np2
. (19)
The renormalized Green functions G2R and G3R are finite, therefore we can calculate the
asymptotic behavior of the renormalization constants Zφ and Zg . The consideration simplifies
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The exactly calculated terms of the renormalization constants {Z(N)}ex expansions and asymptotic values of analogous
terms (the expansion is performed in the variable u) {Z(N)}as.
Z N = 1 N = 2 N = 3 N = 4
{Z(N)u }ex −0.305 −0.155 −0.268 −0.768
{Z(N)u }as −0.040 −0.401 −2.101 −9.652
{Z(N)φ }ex −0.083 −0.015 −0.011 −0.012
{Z(N)φ }as −0.026 −0.127 −0.443 −1.528
due to the fact that multiplying series in the N -th order in g we need to take into account only the
first and the last terms, because the expansion coefficients increase as N ! [13]. Due to Z(N)φ ∼
Z
(N)
g /N , one can write
{
Z(N)u
}
as
≈ −{G(2N+1)3 }amp(64π3)N ≈ −C
(2N+1)
3
N
(
64π3
)N
De(r2s+r3s )2α. (20)
Here Z(j)i is the coefficient in front of u
j in the expression for Zi , where u ≡ g2/(64π3) is
the conventional variable in the MS scheme [12], and {G3}amp corresponds to the amputated
three-point Green function.
The perturbation expansion for the two-point Green function
G2
R = Z2φ +
1
2
Z2φg
2Z2g + ... +Z2φg2NZ2Ng G(2N)2 (21)
gives us the opportunity to find the field renormalization constant. At large-N limit we have
Z
(N)
φ (u) ∼ Z(N−1)u (due to G(2N−1)3 ∼ G(2N)2 ). Then we have to take into account not only the
first and the last terms in expansion (21), but also the diagram contribution of the second order
in g. Using formulas (19), (20) we obtain
{
Z
(N)
φ
}
as
= −1
2
(
G
(N)
2 (u)+
{
Z(N−1)u
}[3Ψ (1) − 3 ln(4π) − 8 + 6 ln |p|
18
])
(22)
The correctness of the expressions (19), (20) was verified by the cancellation at the higher or-
ders in N of the terms that contain the logarithm of the external momentum |p|. These terms
appear in the calculations of both {G(N)2 } and the finite part of the diagram (21). Asymp-
totics of expansions (20), (22) can be transformed to the standard form (1) with the parameters
{au = −5/12, bu = 7/2, cu = −0.106} for Zu and {aφ = −5/12, bφ = 5/2, cφ = −0.067} for
Zφ(u). The expressions obtained allow us to investigate how close are the asymptotic expres-
sions (20), (22) to the calculated coefficients Z(N)u and Z(N)φ .
In Table 1 we present the exact {Z(N)}ex and asymptotic {Z(N)}as values of the corresponding
coefficients.
Renormalization constants are not RG invariant, and their deviations from the asymptotic
values are strongly scheme dependent. We now compare the known orders of the 6−-expansion
and the corresponding asymptotic values for the critical exponent.
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Exactly calculated terms of the -expansion of the critical index η(N) and the asymptotic value η
(N)
as .
η N = 1 N = 2 N = 3 N = 4
η
(N)
 −0.111 −0.059 0.0436 −0.081
η
(N)
as 0.0004 −0.005 0.026 −0.105
Using definition (14) we transform formulas (20) and (22) in the asymptotics of the RG func-
tions: γ (N)i as = −N{Z(N)i }as. As a result we obtain the asymptotics of the 6 − -expansion for
the critical index η = 2γφ(u∗), where u∗ is the coordinate the fixed point, β(u∗) = 0,
η(N)as = 4
{
Z
(1)
φ
}N{Z(N)u }as
(β
(2)
u )
N+1 e
− ucβ
(3)
u
2β(2)u , (23)
Z
(1)
φ = −1/12, β(2)u = −3/2, β(3)u = −125/72, uc = g2c /(64π3) = 24/5. Then expression (1)
describes the asymptotics of the index η with aη = 5/18, bη = 9/2, cη = −0.000586. The cor-
responding asymptotics and exact terms of the expansions for that critical index are shown in
Table 2.
Now we may conclude that the fourth order of the expansion calculated is far from the asymp-
totic one, but the predicted growth of the series terms can be noted.
4. Resummation
The values of the index η obtained by direct summation of the  expansion for  = 3 are
η(1) = −0.333, η(1+2) = −0.8625, η(1+2+3) = 0.315, η(1+2+3+4) = −6.246. One can see that the
direct summation of the whole -expansion does not make sense. For this reason, it is necessary
to use some procedures of resummation e.g. the Borel method [5].
Let us remind the basic expressions for the Borel resummation [5]. We assume that there is
a function Q defined as a series in the parameter 
Q() =
∑
k≥0
Qk
k, (24)
and the higher-order asymptotics of the series coefficients are determined by expression (1). The
Borel transform of the series (24) is given by the relations
Q() =
∞∫
0
dt tb0e−tB(t), B(x) =
∑
k≥0
Bkx
k, Bk = Qk
Γ (k + b0 + 1) , (25)
where b0 is an arbitrary parameter. The known asymptotic expansion (23) together with several
assumptions about the analytic properties of B(x) (see [5]) allow one to resum series (24) using
(25) and to obtain a more precise value of Q(). According to (23), the series B(x) given by
(25) converges in the circle |x| < 1/a, where a = 1/(uc|β(2)u |) = 5/18. The nearest singularity
of the series is located on the negative real half-axis at the point x = −1/a. Then the integration
contour over t ∈ [0,∞) intersects the boundary of the circle of convergence for expression (25)
at the point 1/a. The problem of analytical continuation of (25) beyond the convergence domain
|x| < 1/a can be solved either by the method of the conformal mapping of the complex plane or
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in the form [5]
u(x) =
√
1 + ax − 1√
1 + ax + 1 ⇔ x(u) =
4u
a(u − 1)2 . (26)
Expression (26) associates small values of x with small values of u, and series (25) can be
rewritten in terms of the variable u as
B(x) =
∑
n≥0
xnBn −→ B(u) =
∑
n≥0
unUn, (27)
where
U0 = B0, Un =
n∑
m=1
Bm(4/a)mCn−mn+m−1, n ≥ 1. (28)
Then the conformal Borel map of the quantity Q becomes
Q() =
∑
k≥0
Uk
∞∫
0
dt tb0e−t
(
u(t)
)k
. (29)
In order to use the Padé–Borel–Leroy (PBL) method for series (25), we have to calculate the
Padé approximations
PLM(x) =
∑L
i=0 pixi
1 +∑Mj=1 qjxj , M ≥ 1 L +M = N. (30)
The coefficients {p,q} are determined by the requirement that the coefficients of series (25) and
the Taylor coefficients of function (30) become equal at x → 0
B0 = p0, Bn = 1
n!
dn
dxn
PLM(x)
∣∣∣∣
x=0
, n = 1, ...,N. (31)
We solve this system for the unknown parameters {p,q} and obtain
ps = ps(B0,B1, ...,BN), s = 1, ...,L,
qs′ = qs′(B0,B1, ...,BN), s′ = 1, ...,M. (32)
Now the Borel transform is determined as
Q() =
∞∫
0
dt tb0e−tP LM(t). (33)
5. Result of resummation for the index η
Let us consider the PBL approach first. In the standard formulation of the PBL method, the
values a and b in formulas (25), (33) are arbitrary. Usually, the parameter b0 is chosen to make
weaker the singularity of the Borel transform (25) at the point x = −1/a. We chose b0 = b. The
values of a and b are known from the analysis in Section 3: a = 5/18 and b = 9/2.
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The values of η obtained by the PBL method with the application of the approximations of P 31 type (b0 = 9/2).
d N = 1 N = 2 N = 3 N = 4
2 −0.444 −1.385 −0.700 −1.023
3 −0.333 −0.862 −0.508 −0.668
4 −0.222 −0.457 −0.321 −0.378
5 −0.111 −0.169 −0.146 −0.154
Table 4
The values of η obtained by the PBL method with the application of the approximations of P 41,−1/a type and the first
terms of the N expansion for the series (b0 = 9/2).
d N = 1 N = 2 N = 3 N = 4
2 −0.061 −0.557 −1.093 −0.555
3 −0.058 −0.414 −0.704 −0.485
4 −0.053 −0.272 −0.391 −0.331
5 −0.042 −0.131 −0.156 −0.150
The expressions for the Padé approximations in the PBL scheme have the forms
P 31 (x) =
B1B3x + (B2B3 −B1B4)x2 + (B4B3 −B2B3)x3
B3 −B4x (34)
where B2,3,4 are the coefficients of Borel series (25).
In Table 3, we present the results of computations by the PBL method in dimensions
d = 2,3,4,5 for different values of N . Although approximations (34) exist only if all terms
of the expansion for η are taken into account, the values for N < 4 are given to demonstrate the
convergence rate of the series and to estimate the accuracy of the PBL method. The accuracy can
be estimated by the calculations of the approximations P 21 (for N = 3), P 11 (for N = 2), and P 01
(for N = 1).
The values of the index calculated for N = 3 are consistent with [7].
The series (25) must have a pole-type singularity at the point x = −1/a (for b = b0). We use
this information for the PBL method and determine the Padé approximations by the expression
PLM+1,−1/a(x) =
1
1 + ax P
L
M(x). (35)
As a result, we obtain
P 41,−1/a(x) =
B1x + (B1a + B2)x2 + (B2a + B3)x3 + (B3a + B4)x4
1 + ax ,
where the coefficients are determined by (31), (32). Note that the expression (33) must be inte-
grable (the singular points are outside the domain of integration), and the point x = −1/a must
be the nearest-to-zero singularity of series (25).
Results of the calculations by the PBL method with the application of P 41,−1/a are presented
in Table 4.
Results obtained by the “conformal mapping” (CM) (26) are presented in Table 5.
As we can see, the results obtained by different methods demonstrate large errors, especially in
low dimensions of the space. They not entirely coincide with each other, even taking into account
the errors. The reasons of this fact are large values of , insufficient number of calculated orders
682 G.A. Kalagov, M.Yu. Nalimov / Nuclear Physics B 884 (2014) 672–683Table 5
η values obtained by CM method for first N expansion terms (b0 = 9/2).
d N = 1 N = 2 N = 3 N = 4
2 −0.127 −0.310 −0.470 −0.557
3 −0.113 −0.260 −0.374 −0.433
4 −0.094 −0.195 −0.263 −0.294
5 −0.063 −0.111 −0.134 −0.142
of the -expansion, and significance of deviation of the calculated terms of the expansion from
the asymptotic values.
6. Conclusion
We have determined the higher-order asymptotics of the renormalization constants in the MS
scheme for the φ3 theory and the -expansion of the index η in this model. These are determined
by expression (1) with the constants a, bF , and cF , presented above.
Papers [14,15] were devoted to the investigation of the higher-order asymptotics in different
models of critical dynamics, based on the φ4 static theory. It was found that the asymptotics for
dynamical models near equilibrium are governed by the instanton of the static model. Similar
results can be easily obtained for the φ3 model, too.
We have presented the results of different Borel resummation methods for the currently high-
est accessible orders of the -expansion for the critical index η.
Our results show that the expansion terms of the renormalization constants, calculated now in
the φ3 model, are still far from Lipatov’s asymptotics like in the φ4 theory [10]. The accuracy of
the calculation of the critical index η is not good, even after the Borel resummation. One reason
of the error is the deviation of the last calculated term of the -expansion from the asymptotic
value.
The results obtained can be considered as another evidence of the fact that, in order to esti-
mate the accuracy of the calculated result, it is not sufficient to confine oneself with only one
suitable resummation procedure; it is necessary to simultaneously take into account several dif-
ferent resummation schemes. The knowledge of the higher-order asymptotics is very useful for
the choice of the resummation scheme.
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